Motivated by recent experiments observing half-integer flux quanta in mesoscopic loops of superconducting Sr2RuO4, a theory is developed based on a "d-soliton", a topological defect of spin-triplet superconductors involving a change of the spin configuration. A phenomenological Ginzburg-Landau free energy is given which allows to describe such a soliton yielding a half-integer flux quantum (n + 1/2)Φ0 inside a loop, assuming a chiral p-wave superconducting phase. The d-soliton couples to spin polarization perpendicular to the loop axis, which allows to reduce the energy of the dsoliton, fitting well to the experimental findings. The origin of this coupling lies in the combination of spin and charge current within the d-soliton generating a spin polarization analogous to a spin Hall effect. The effect of Fermi liquid corrections is discussed, in particular, in view of the spatial extension of the d-soliton and the energetics in comparison with a standard integer flux state. Introduction -The discovery of superfluid phases of 3 He in 1971 had generated fascinating ideas in modern theoretical physics, including the simultaneous development of several broken symmetries and a multitude of topological defects associated with the complex order parameters [1, 2] . In particular, a possibility of the half-quantum vortex (HQV) in the so-called A-phase was proposed by Volovik and Mineev in 1976 [3, 4], where the vortices carry a half-integer of the winding number N = ±1/2. Such type of vortices are of interest also as they can host quasiparticles of non-Abelian statistics [5] desirable in the context of quantum computation. Interestingly, the chiral p-wave spin-triplet equal spin pairing (ESP) state was proposed [6] for superconductivity discovered in Sr 2 RuO 4 [7] , which motivated further search for HQV and studies on unconventional superconductivity in correlated electronic materials.
Introduction -The discovery of superfluid phases of 3 He in 1971 had generated fascinating ideas in modern theoretical physics, including the simultaneous development of several broken symmetries and a multitude of topological defects associated with the complex order parameters [1, 2] . In particular, a possibility of the half-quantum vortex (HQV) in the so-called A-phase was proposed by Volovik and Mineev in 1976 [3, 4] , where the vortices carry a half-integer of the winding number N = ±1/2. Such type of vortices are of interest also as they can host quasiparticles of non-Abelian statistics [5] desirable in the context of quantum computation. Interestingly, the chiral p-wave spin-triplet equal spin pairing (ESP) state was proposed [6] for superconductivity discovered in Sr 2 RuO 4 [7] , which motivated further search for HQV and studies on unconventional superconductivity in correlated electronic materials.
The spin-triplet order parameter is generally given as the gap functions,
Here the d-vector conveys a particular pairing symmetry. For instance, the proposed chiral p-wave ESP state is represented by
where σ µ (µ = x, y, z) are Pauli matrices in spin space, and thus α, β represent spin ↑ and ↓. The wave vector k ν (ν = x, y) describes the projection of the unit wave vector k along two perpendicular directions such asx andŷ in two dimensional space. This order parameter represents the Cooper pair with the zero-spin projection onẑ (dvector direction), and thus up-up (down-down) Cooper pair orientation is perpendicular to the z-axis. The orbital angular momentum of the Cooper pairs is given byl =x ×ŷ ẑ pinned due to the spin-orbit coupling. Since it is characterized by the p-wave internal structure and spin triplet condensates represented byd-vector, the HQV then can be viewed as the sign change in the angular momentum of Cooper pairl-vector (phase of angular momentum), and this change in sign is compensated by a concurrent rotation ofd-vector into −d [4, 8] .
While the evidence of its chirality (k x ±ik y ) in Sr 2 RuO 4 is still under the debate [9] , a recent report on the observation of half-height magnetization steps [10] is compatible with the spin-triplet pairing supporting the existence HQV. Theoretically, the free energy analysis of HQV studied in 3 He-A phase [1] was applied to Sr 2 RuO 4 in Ref. [8] . The energetic balance between the HQV and single-vortex was investigated, and a pair of half quantum vortices (HQVs) with an optimized separation was found to be energetically stable in a certain range of the magnetic field (see Fig.4 a) [8] , Later, a micro-size sample for the stability of the HQV was suggested [11] , and it was pointed out that the HQVs accompany a finite spin polarization that could be an experimental indicator of the HQV [12, 13] . Motivated by these studies, Jang et al designed mesoscopic samples of Sr 2 RuO 4 , and performed cantilever magnetometry measurements on micrometer annular shaped samples [10] . Half-height magnetization steps were found in the presence of an external in-plane magnetic field, supporting the HQV in Sr 2 RuO 4 . This surprising experimental finding calls for a theoretical explanation that incorporates the effect of in-plane magnetic field and its relation to spin polarization and the HQV.
In this paper, we investigate the free energy of the HQV including the spin polarization effect. The in-plane magnetic field permits the spin polarization which in turn allows the coupling between spin and charge currents of Free energy of the HQV -Based on the symmetry analysis, we propose a simple free energy, which is sufficient to capture the relevant features,
where
Here the flux quantum Φ 0 = hc/(2e) and A is the vector potential. K, λ, and γ are real coefficients. The first term describes the stiffness of order parameter, and the second term represents the energy cost of tilting the d-vector away from the z-axis, pinned by the spin-orbit coupling [8] . When Fermi liquid corrections are taken into account, the stiffness K differs for the spatial variation of charge and spin of Cooper pair, which we will discuss later. The last term is a coupling between charge current, spin current, and spin polarization S. Note that a similar coupling has been discussed in the context of Josephson junction between two spintriplet superconductors in Ref. [14, 15] . In the following we assume that the spin polarisation S has no spatial dependence.
To estimate the free energy of HQV and to understand the effects of the last term in the free energy, we first relate the coefficients γ and K in the weak-coupling limit. For this purpose we use a d-vector in the x-y plane to express the superfluid density in equal-spin pairing state with spin along the z-axis. We consider a gap function with a spatial variation along the x-axis,
with d 0s = ∆ 0 (x − isŷ) where s = ±1 for ↑-and ↓-spin. Inserting this into Eq. (3), neglecting spin-orbit coupling (λ = 0), we find
with a x = 2πA x /Φ 0 , where the second line is expressed as separate contributions of up-and down-spin Cooper pairs withK as a phenomenological coefficient and ρ s the density of electrons for spin s. It is straightforward to identify the coefficient within the two representations using with ρ = ρ ↑ + ρ ↓ and S 0 =h ρ 2 . We now include spin-orbit coupling (λ > 0) in Eq. (3) and consider the ring geometry of Fig.1 . The stable phase has d ẑ. In order to examine order parameter windings, we follow Fig. 1 and limit ourselves to the following ansatz,
using cylindrical coordinates (r,θ,ẑ). There are two types order parameter windings in this configuration. The standard phase winding is characterised by α θ = 0 while φ θ winds by an integer multiple of 2π (e.g. φ θ = θ). The unusual type of winding is depicted in Fig. 1 where α θ varies such that around θ = 0 the d-vector changes smoothly from +ẑ to −ẑ -this is a d-soliton -accompanied by a winding of φ θ by (2n + 1)π. The former gives rise to a magnetic flux of an integer multiple of Φ 0 , while we see a half-integer flux quantum in the later case. For a concrete discussion we keep the order parameter magnitude ∆ 0 constant and vary only φ θ and α θ . For the vector potential we use A = A θ (r, z)θ = Bzr 2θ such that ∇ × A = B rr and ∇ · A = 0. With this ansatz only the radial part of the spin polarisation appears in Eq.(3), S = S rr . The corresponding the free energy functional then reads,
where η = ∆ a θ ≡ a θ R = 2πA θ R/Φ 0 = Φ/Φ 0 where Φ = B z πR 2 . We introduce individual coefficients for the different gradient terms which allow to include Fermi liquid corrections:
with F s 1 and F a 1 as the Landau parameters renormalizing the charge and spin current, respectively [2] . Note that usually F s 1 > 0 and F a 1 < 0, e.g. in 3 He [16] . The standard weak coupling approach offers
Towards qualitative understanding -The variation of F in Eq.(8) with respect to α θ and φ θ leads to
These coupled equations can be solved for a d-soliton solution by
where the soliton is centred at θ = 0 and the characteristic length
is small enough as to guarantee the validity of the periodic boundary conditions sufficiently well ( 2π). For a single-valued order parameter it is important to imposes α θ + φ θ = 2πn where n is an integer. Then the coefficient c has to satisfy the constraint that φ θ exhibits a half-integer winding,
Note that for a narrow d-soliton the formally radial spin polarization is nearly equivalent to the situation of a unidirectional polarization, since the coupling is only finite when ∂ θ α θ = 0. We may give a rough quantitative estimate of based on a weak coupling approach. With
where N ( F ) is the density of states at the Fermi energy, ξ 0 is the coherence length at T = 0 and ∆T c /T c is the relative change of T c when the spin degeneracy of the spin-triplet pairing states is lifted by spin-orbit coupling (∆T c /T c ∼ 5%) [17, 18] . Then we find with Eq. (13)
where < ∼ 1 which is reduced through the spin polarization.
With the shape of the d-soliton in Eq. (12), we now calculate the energy of the HQV state,
with Φ 1 2 = (n + 1/2) − Φ/Φ 0 . The first term constitutes the energy of d-soliton while the second includes the effects of the currents. For the integer quantum vortex (IQV) we use α θ = 0 and φ θ = nθ which yields the free energy,
Now we compare the free energies of two states as a function of the flux Φ. The flux minimizing F HQV is given by
which deviates from half-integer flux quantisation, if there is a non-vanishing spin polarization. This result corroborates that the spin polarization induces an additional supercurrent, which appears in Fig. 2 as a change of slope in φ θ around the d-soliton resulting in a modified coefficient c for φ θ .
Energy balance between HQV and IQV -We now examine whether it is possible to stabilize the HQV relative to the IQV phase for some flux Φ. A straightforward analysis shows that for small deviations of Φ min from half-integer flux quanta (2K αφ s r < K φ ), the two states, IQV and HQV, interchange their role as stable phase at Φ = (n+1/2)Φ 0 . The condition for the HQV phase being lower in energy is given by
The first term on the left-hand side originates from the comparison of the standard fluxoid energy with the dsoliton energy which has to be paid for a HQV phase. Note that the condition for a HQV is improved through the Fermi liquid corrections introduced in Eq.(9). Moreover, it is obvious through the second term on the lefthand side that in-plane spin polarization boosts the HQV.
The mechanism for this second term can be illustrated by considering the current densities. The charge current density around the cylinder is obtained by variation of F in Eq. (8) with respect of the vector potential, A θ ,
To derive the spin current we introduce an auxiliary twist on d, replacing α θ by α θ +a s θ. The variation with respect to a s (setting eventually a s to zero) yields,
for the spin component parallel tor. Both currents include contributions coupled to spin polarization, in the sense of a spin Hall effect. This coupling indeed provides a reduction of energy by spin polarization. We may view the d-soliton and the phase φ gradient as a source driving an in-plane spin polarization which can be enhanced through an external in-plane magnetic field. With the free energy Eq.(3), we can also discuss another limit in the shape of the d-soliton,
This transverse twist structure of the soliton yields essentially the same equations of α and φ and energy estimates. The relevant spin polarisation is now directed alongθ ( S = S θθ ), and as long as the extension of the soliton is small compared to the circumference of the cylinder, the spin polarization is restricted to a small range of θ such that it is practically uni-directional. In this way any intermediate form of d-solitons can be discussed, which leads, however, generally to more complex equations. This is important in view of the possible pinning of d-solitons at constrictions (weak regions) on the cylinder to reduce the soliton energy. This would facilitate the stabilisation of a HQV state. (17) and (18): a) The minimal energy of the HQV phase at Φ = Φ0/2 lies higher than that of the IQV phase for all fluxes. b) the energy of the HQV phase is lowered such that a window of stability appears around Φ = Φ0/2. Note that this figure can be periodically continued.
Equipped with this phenomenology, the d-solition constitutes a possible explanation for the observation of halfquantised fluxes in a cylinder of Sr 2 RuO 4 . The HQV window is opened and widened by an in-plane magnetic Zeeman field in agreement with our finding that a dsoliton can be stabilised by an in-plane spin polarization. This in turn provides a narrowing of the soliton shape. Thus, without spin polarization, the HQV state may be too high in energy to appear as a stable state at any magnetic flux Φ through the cylinder, realizing standard flux quantisation as shown in Fig. 3(a) . However, lowering the soliton energy by spin polarization can yield a flux range where HQV state is stabilized as shown in Fig.  3(b) .
Introducing a d-soliton into the cylinder is equivalent to a phase slip between standard flux quanta in a cylinder, i.e. the passage of a vortex through the cylinder wall. A d-soliton in the bulk of a superconductor can, in principle appear like a planar defect terminated at both end by magnetic flux lines of half-integer flux quanta as depicted in Fig.4(a) . Thus, a half-flux quantum passing the cylinder wall drags a d-soliton behind presented in Fig.4(b) . Then the following half-flux removes the soliton, and adds the total flux to an integer multiple of Φ 0 . As noted above, a constriction in the cylinder wall may play an important role too. A vortex enters usually through weakest region of the loop, e.g. a constriction. This is also beneficial for the half-flux vortex and in addition the energy expense for the d-soliton would be reduced. Thus, it may even be possible to stabilize the HQV state without in-plane magnetic field, if there is a constriction.
An alternative way to obtain a fractional flux quantum in a cylinder geometry is the possibility of domain walls, since the chiral p-wave state allows for two degenerate domains. As shown in Fig. 4 (c) this requires two domain walls separating the phase "+" (k x + ik y ) from "-" (k x − ik y ). The flux introduced depends on the angle between the two domain walls [19, 20] . Note that these fluxes have no fixed value but depend on details. Moreover, it is more involved to generate this state, as it requires to nucleate of domains and to move two domain walls apart. Thus the d-soliton way of introducing HQV described above is more natural to obtain a sequence of IQV and HQV. Summary and Discussion -We presented here a scenario qualitatively consistent with the phenomenology of the observed half-quantum flux vortices in the recent experiments on tiny cylinders of Sr 2 RuO 4 . In particular, our analysis explains the role of the in-plane magnetic field in facilitating the appearance of the HQV phase, although it is difficult to give a reliable quantitative assessment of our theory at the present stage, as Fermi liquid corrections are not known and the treatment of sample geometrical aspects have also to be considered. An attractive aspect of the combination of the charge and spin currents is the induced spin polarization even in the absence of in-plane magnetic fields. Thus the d-soliton in the loop structure is intrinsically ferromagnetic, a feature which can be enhanced for systems close to a magnetic instability [15] . At this point we cannot give an analysis of the fact that the recent data by Cai et al do not display half-flux oscillation in their magneto-resistance measurements of similar loops, apart from the absence of in-plane magnetic fields in this experiment [21, 22] . It may be interesting in this context to experiment with loops that possess well-defined constrictions where a d-soliton could be more stable and pinned.
